An analytical theory for calculating perturbations of the orbital elements of a satellite due to J 2 to accuracy up to fourth power in eccentricity is developed. It is observed that there is significant improvement in all the orbital elements with the present theory over second-order theory. The theory is used for computing the mean orbital elements, which are found to be more accurate than the existing Bhatnagar and Taqvi's theory (up to second power in eccentricity). Mean elements have a large number of practical applications.
Introduction
The fact that the Earth is not a true sphere is one of the important causes for the deviation of the orbits of the artificial satellites from undisturbed Keplerian ellipses, the largest perturbations in the motion of such satellites being due to the oblateness of the Earth. The standard osculating, i.e. instantaneously defined elements of an elliptic orbit are "a" (semi-major axis), "e" (eccentricity), "i" (inclination), "Ω" (right ascension of ascending node), "ω" (argument of perigee) and "M" (mean anomaly). The osculating element space is related to mean element space through the short-periodic variations which are combination of short-periodic terms of period less than the orbital period of the orbital elements and are functions of the perturbations present. If ζ is an osculating element and sp is the short-periodic variation in the corresponding element, then the mean element m is related by where
ζ is the function of mean elements.
The motion of an artificial satellite in the axisymmetric field due to Earth's low-degree harmonics has been recognized as the "main problem" in the theory of satellite orbits, and many solutions have been published. Some of the important contributions are due to Kozai [1] , Brouwer [2] , Chebotarev [3] , Deprit and Rom [4] , Aksnes [5] , Liu [6] , Kinoshita [7] , Bhatnagar and Taqvi [8] , Gooding [9] . Sharma [10] utilized the theories of Bhatnagar and Taqvi and Liu to compute the mean elements using the iterative scheme of Gooding [11] and made a comparison between them.
Chebotarev [3] generated analytical expressions for short-periodic terms with J 2 specifically for near-circular orbits, by introducing the variables h = e·sinω, l = e·cosω in the Lagrange's planetary equations and then computing the involved partial derivatives of the perturbing function R on the right hand side of the equations and then analytically integrating and retaining only the linear terms in h and l. By retaining the quadratic terms in h and l, Bhatnagar and Taqvi [8] generated the short periodic expressions:
and 0 where
  , to an accuracy of second-order in eccentricity.
In this Paper, an analytical theory for calculating the perturbations due to J 2 in the orbital elements of a satellite to accuracy up to fourth power in eccentricity is derived. The mean orbital elements, particularly semimajor axis and eccentricity generated using first-order theory (only linear terms in e) and second-order theory (linear and quadratic terms in e) are compared with those computed using developed fourth-order theory. It is observed that there is significant improvement in the important orbital elements: semi-major axis, eccentricity and inclination with the present theory over the second-cos 2ω cos 2 3sin sin 2ω sin 2
can be expanded in series in terms of multiples of the mean anomaly M.
Considering the terms up to sixth order in eccentricity with the help of "MAXIMA" software available in public domain [12] , we obtain an expression for the disturbing function in the form
The coefficients j j A , B , C depend on the variables a, e, and i.
The transformation of the disturbing function R into the new variables h, l and λ can be carried out with the aid of the following relations
The disturbing function R will then be a function of l, h and . λ By introducing the variables , , the Lagrange's planetary equations of motion can be expressed as
  Computing the derivatives of the disturbing function with the help of MAXIMA and introducing the results in the above equations of motion and integration leads to the expressions given in Appendix. They define the first-order perturbations of the orbital elements of the satellite with the fourth-order accuracy in the eccentricity. The perturbations of the orbital elements are now found from the relations 
The elements a, e, h, l, and are called the osculating elements of the orbit at time t. We utilize the uniformly regular KS canonical equations of motion provided in [13] for generating the osculating orbital elements with Earth's zonal harmonics terms J 2 to J 6 with the detailed procedure provided in Sharma and Raj [14] . The mean orbital elements are then computed by using the iterative scheme of Gooding [11] .
Results
To compare the developed fourth-order theory with the first-order and the second-order theories, various test cases are considered. A study in the variations of the important orbital parameters: semi-major axis, eccentricity and inclination due to the variations in semi-major axis, eccentricity and inclination have been carried out. Table 1 (a) provides the minimum and maximum values of the osculating and mean semi-major axis for different inclinations and eccentricities as well as the difference in maximum and minimum mean semi-major axis with respect to second-order and fourth-order theories during a revolution. The values of other orbital parameters a, Ω, ω and M used in the computation are 8000 km, 60˚, 60˚ and 0˚, respectively. It can be observed that the difference in mean semi-major axis with fourth-order theory is less than that with second-order theory. The maximum and minimum values of difference in mean semi-major as calculated with second-order theory is 16.48 m and 3209.73 m, respectively, while these values as calculated using the fourth-order theory are 4.71 m and 568.04 m, respectively. For both the cases, minimum value correspond to e = 0.05 and i = 5˚ and maximum value corresponds to e = 0.2 and i = 85˚.
Similar observation can be made from the Tables 1(b) and (c), where the difference in the mean eccentricity and the mean inclination is compared for second-order and fourth-order theory for various inclinations and eccentricities. The minimum and maximum values of difference in mean eccentricity calculated from second-order and fourth-order theory is 1. , respectively. Figure 1(a) shows the difference in maximum and minimum mean semi-major axis during a revolution with respect to different semi-major axis ranging from 8000 km to 20,000 km. The initial values for e, i, Ω, ω and M are 0.2, 30˚, 60˚, 0˚ and 0˚, respectively. The comparisons clearly show that the mean semi-major axis computed using the fourth-order theory is better than that with first-order as well as second-order theory. Similarly, Figure 1(b) gives the difference in maximum and minimum mean eccentricity and Figure 1(c) provides the difference in maximum and minimum mean inclination. Also, it can be observed that the difference in maximum and minimum mean values of semi-major axis, eccentricity and inclination decreases with the increase in the semi-major axis.
In Figures 2(a)-(c) , the eccentricity is varied from 0.001 to 0.3 keeping other orbital parameters constant. The initial orbital values for a, i, Ω, ω and M for this case are 10,000 km, 60˚, 60˚, 0˚ and 0˚, respectively. Figure 2(a) shows the difference in maximum and minimum mean semi-major axis computed using firstorder, second-order and fourth-order theories. The difference in maximum and minimum mean eccentricity calculated using first-order, second-order and fourthorder theories is shown in Figure 2(b) . Similarly, Figure  2(c) shows the difference in mean inclination. From  Figures 2(a)-(c) , it is clear that the fourth-order theory is much better than the first-order and the second-order theory. The difference in the maximum and the minimum mean values of semi-major axis, eccentricity and inclinaion increases with the increase in eccentricity. t 
Conclusions
The difference of mean semi-major axis, mean eccentricity and mean inclination over a revolution computed using first-order, second-order and fourth-order theories with inclination varying from 0˚ to 90˚ is plotted in Figures 3(a) and 3(b) , respectively. The initial values for a, e, Ω, ω and M for this case are 8000 km, 0.2, 60˚, 0˚, respectively. It can be observed that the fourth-order theory developed in this paper is better than the first and the second-order theory. The difference in maximum and minimum mean values of semi-major axis and eccentricity increases with inclination, while the difference in mean inclination first increases, attains a maximum value and then decreases.
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